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We investigate a new experimental possibility of measuring the Newtonian gravitational constant
G by using the weak measurement. Amplification via weak measurement is one of the interesting
phenomena of quantum mechanics. In this letter, we consider it in a system consisting of many cold
atoms which are gravitationally interacting with an external macroscopic source and show that it is
possible to obtain O(103) amplification of their relative motion compared with the classical motion
when the number of atoms are O(1015) and the observing time is ∼ 0.5s. This result suggests that
it might be possible to use this system as a new experimental set up for determining G. Besides,
our study indicates that the gravitational force can behave as a repulsive force because of the weak
measurement.
Introduction.— Over the last few decades, various fun-
damental physical constants such as the Planck constant
~, the Avogadro constant NA, the fine structure constant
α have been determined precisely, whose standard rela-
tive uncertainties are typically O(10−10∼−8) [1]. On the
other hand, the measurement of the Newtonian gravi-
tational constant G is not so precise as those physical
constants, and its current standard relative uncertainty
is O(10−4). There are mainly two reasons for this inac-
curacy: One is of course due to the weakness of G. As
long as we consider an experiment whose typical energy
scale (or length l) is p (l−1) ∼ G−1/2, the effect of
gravity is too small O(p2G) 1. Thus, we need a high-
sensitivity apparatus to make a precise measurement of
G. Another reason comes from the universal nature of
gravity; All particles or massive objects feel and produce
gravitational forces. As a result, a small distortion of the
experimental apparatus (such as external source) from
its ideal shape directly produces a small change of grav-
itational force, and it causes a systematic error of the
experiment. Therefore, we must prepare the very elabo-
rate apparatus for the precise determination of G.
In recent years, in addition to the traditional
Cavendish-type experiments [2] which are based on the
torsion balance condition, conceptually different exper-
iments are also performed. For example, in [3], the
authors determined G by measuring the change of the
length of Fabry-Pe´rot resonator caused by the external
gravity source. In [4], G is interferometrically determined
by using many cold 87Rb atoms (N ∼ 109) where ex-
cellent optical techniques such as the Raman transition
method are used. These conceptually different experi-
ments are important in the sense that they help to iden-
tify new systematic errors which are difficult to capture
in the traditional methods.
In this letter, we investigate a new experimental
possibility of measuring G by using the cold atoms via
the weak measurement [5, 6]. We study the motion
of atoms which are gravitationally interacting with an
external gravity source, and consider its weak measure-
ment. Then, it is shown that such a motion can be
amplified by the amount of O(103) compared with their
FIG. 1: A schematic figure of our set up. Here we show the
case where the gravity source can be regarded as a massive
particle.
classical motion when the number of atoms is ∼ 1015
and the observing time is ∼ 0.5s. This result may open
a new possibility of determining G based on the weak
measurement. In Supplementary Material, we give a
brief review of weak measurement for readers who are
not familiar with this topic.
Cold atoms with external gravity source.— We want to
consider the weak measurement of a cold atomic system
which is gravitationally interacting with external grav-
ity source whose mass is denoted by M . In Fig.1, we
schematically show this set up. In particular, we consider
the case where the relative angular momentum between
atoms and external source is zero. Then, the Hamilto-
nian of this system is
Hˆ = Hˆatom + mˆ
−1 ⊗ pˆ
2
r
2
+ VˆG(rˆ), (1)
where Hˆatom is the Hamiltonian of atoms, mˆ (mˆ
−1) is
the (inverse) mass operator of atoms including its bind-
ing energy which is defined below, rˆ is the operator cor-
responding to relative distance between atoms and ex-
ternal source, and VˆG(rˆ) represents the operator corre-
sponding to their classical gravitational potential VG(r)
whose functional form depends on the shape of the ex-
ternal gravity source. For example, if the external source
can be regarded as a massive particle, it becomes VG(r) =
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2−GMmr−1. Or, if the external source is a cylinder with
its mass density per unit length being ρ and its radius
being l, we have VG(r) = 2mGρ log
(
r
le1/2
)
, (for r ≥ l)
where e is the Napier’s constant. In the following, we
proceed with our argument without specifying a specific
form of VˆG until we need to estimate physical quantities
numerically. In Eq.(1), we have neglected the Hamilto-
nian corresponding to the each motion of atoms includ-
ing the center-of-mass motion of the total system because
it is irrelevant in the following theoretical discussion. 1
Besides, we assume that the external gravity force is per-
pendicular to that of the earth so that we do not need to
consider the latter effects. Then, the Hilbert space of this
system is H = HA ⊗HR where HA (HR) is the Hilbert
space of atom (the relative motion). From the point of
view of quantum measurement, the atomic system cor-
responds to a measured system, and the relative motion
corresponds to a probe system.
In order to describe the atomic state, we follow the
second quantization picture: Hˆatom =
∑∞
n=1EnNˆn, mˆ =∑∞
n=1mnNˆn, where Nˆn = aˆ
†
naˆn is the number operator
of the n-th eigenstate, and En is the energy eigenvalue
of atom which is in principle determined by solving the
Shro¨dinger equation:
(−~2∇2/2me + Veff(x))ψn(x) =
Enψn(x), where Veff(x) is the effective potential of an
electron around a nucleus. For example, |1〉 = aˆ†1|0〉
and |2〉 = aˆ†2|0〉 correspond to the ground state and
the first excited state respectively, and their difference
(∆E = ∆m = E2 − E1 ∼ O(10−5)eV) typically origi-
nates in the hyper fine splitting. In HA, the basis vec-
tor can be expressed as |l1, l2, · · · 〉 ∝ (aˆ†1)l1(aˆ†2)l2 · · · |0〉
where ln corresponds to the number of particle in n-th
state. In particular, the operation of mˆ−1 is defined as
mˆ−1|l1, l2, · · · 〉 = (
∑∞
n=1mnln)
−1|l1, l2, · · · 〉. Note that
we can neglect the effect of atomic transition between
these two states because its time-scale is much larger
than that of the observing time ∼ 0.5s. A large number
of atoms which are in a state of Bose-Einstein conden-
sate are described by the coherent state |n;Nn〉 which
is defined as |n;Nn〉 = e−Nn/2e
√
Nnaˆ
†
n |0〉 and satisfies
aˆn|n;Nn〉 =
√
Nn|n;Nn〉 where Nn is the number of n-
th eigenstate atoms. 2 In the following, it is sufficient to
consider the restricted Hilbert space spanned by |1;N1〉
and |2;N2〉 because we are considering the transition be-
tween these two states.
The analytical treatment of this system is not so easy
1 In a realistic BEC such as Alkali atoms, they form a stretched
cloud described by a macroscopic wave function [9], and we must
consider this stretched effect when we observe these atoms.
2 Considering such a coherent state is not crucial in the following
discussion. We can also obtain the same result even if the state
is not the coherent one such as
1√
N !
aˆ†Ni |0〉. (2)
unless we make a few approximations:
1. We define a new coordinate x instead of r: r = R+x
where R is the initial distance between atoms and
external source. Then, we consider the following
potential:
VG(r) = VG(R) +
dVG(R)
dr
x+O(x2). (3)
which corresponds to the leading order expansion.
We expect that the dynamics of the present system
is well described by Eq.(3) as long as x  R. The
Hamiltonian is now approximated as Hˆ ≡ Hˆ0 + Hˆ1
where
Hˆ0 = Hˆatom + VˆG(R), Hˆ1 = mˆ
−1 ⊗ pˆ
2
2
+
dVˆG(R)
dr
xˆ, (4)
and they satisfy [Hˆ0, Hˆ1] = 0. Here, we defined
VˆG(R) and dVˆG(R)/dr as operators corresponding
to VG(R) and dVG(R)/dr. For example, in the case
of the r−1 potential, they are VˆG(R) ≡ −GMR−1mˆ
and dVˆG(R)/dr ≡ GMR−2mˆ respectively.
2. As for the initial state of the relative motion,
we assume a gaussian wave packet: 〈x|φi〉 =
e−
x2
2d2 /(pid2)1/4, where the width d also depends on
details of experimental set up. For example, in the
atomic interferometer experiment [4], d is O(1mm).
So we choose d = 1mm as a typical value for our
estimation.
Based on these approximations, we can actually perform
analytical calculation. In particular, the time evolu-
tion can be completely solvable without any further
approximations. However, because the details of such
calculations are rather cumbersome and physically not
so clear, we will give a leading order calculation in the
following.
Weak measurement.— Let us now consider the weak
measurement of this atomic system. What we want to
know is how large the expectation value of xˆ can be am-
plified compared with that of the classical motion, i.e.
xcl(t) ' − t
2
2m
dVG(R)
dr . In the following, we give the lead-
ing order calculation with respect to G. See Supplemen-
tary Material for the detailed all-order calculations.
We can evaluate the time evolution as
e−iHˆ1te−iHˆ0t|ψi〉|φi〉 'e−i
dVˆG(R)
dr
xˆte−iHˆ0t|ψi〉e−i
pˆ2
2m
t−ixcl(t)pˆ|φi〉
≡e−i
dVˆG(R)
dr
xˆt|ψ(t)〉|φ(t)〉, (5)
where |ψ(t)〉 = e−iHˆ0t|ψi〉, |φ(t)〉 = e−i pˆ
2
2m t−ixcl(t)pˆ|φi〉.
Here, we have assumed that the mass operator in the
kinetic term were constant m¯ for simplicity. Then, after
the post-selection of atoms at t = T , the probe’s wave
function is given by
|φf (T )〉 ≡ 〈ψf |e−i
dVˆG(R)
dr xˆT |ψ(T )〉|φ(T )〉
'〈ψf |ψ(T )〉 exp
(−iVWG xˆ) |φ(T )〉, (6)
3where
VWG ≡
〈ψf |dVˆG(R)dr |ψ(T )〉
〈ψf |ψ(T )〉 × T (7)
is the weak value in this system. Here, note that the
normalization of |φf (T )〉, i.e. Ptran(T ) ≡ 〈φf (T )|φf (T )〉
represents the transition (conditional) probability with
which the process |ψi〉 → |ψf 〉 occurs. Because xˆ exists
in the exponent in Eq.(6), the shift of the peak of |φ(T )〉
is now caused by the imaginary part of the weak value:
〈φf (T )|xˆ|φf (T )〉
〈φf (T )|φf (T )〉 ' xcl(T ) + d
2 × Im (VWG ) . (8)
For example, in the case of the r−1 potential, if we choose
|ψi〉 = 1√2 (|1;N〉+ |2;N〉), |ψf 〉 = 1√2 (|1;N〉− |2;N〉) as
the initial and final states 3 , the amplification factor
becomes
Amp ≡ 1
xcl(T )
〈φf (T )|xˆ|φf (T )〉
〈φf (T )|φf (T )〉
= 1 +
N∆md2
T
sin f(T )
1− cos f(T )
∼ 1 + 103
(
N
1015
)(
∆m
10−5eV
)(
d
1mm
)2 (0.5sec
T
)
sin f(T )
1− cos f(T ) ,
(9)
where ∆m = m2 −m1(= E2 − E1) and
f(T ) +N∆mT ≡ GM∆mNT
R
∼2pi
(
N
1015
)(
M
100kg
)(
∆m
10−5eV
)(
T
0.5sec
)(
10cm
R
)
.
(10)
Here, compared with the exact result presented in Sup-
plementary Material, we have no exponential damping
factor in Eq.(9). In general, the above amplification
factor oscillates violently as a function of the observing
time T because of the phase N∆mT which originates in
Hˆatom. On the other hand, Eq.(10) has a longer time
scale ∼ 1s for the typical values of parameters. Thus,
if the phase N∆mT can be removed by some mecha-
nism 4, it is possible to obtain a large amplification of
the relative motion around T ∼ 0.5s. In Fig.2, we plot
Eq.(9) (dashed orange line) along with the exact analyti-
cal result Eq.(25) (blue line) presented in Supplementary
Material where the phase N∆mt is omitted. As for the
leading order result, the expectation value diverges when
f(T ) = 2npi (n = 1, 2, · · · ). On the other hand, the exact
3 These two states are the eigenstates of VˆE = −qˆ · E(t), where
qˆ is the electric dipole moment of an atom and E(t) is the ex-
ternal electric field. Thus, we can choose these states for the
pre- and post-selected states as in the case of the Stern-Gerlach
experiment.
4 For example, if we can observe T in units of 2pi/∆m ∼ 10−10s
this phase has no effects. We hope that this kind of observa-
tion can be realized by using modern technology of optics, but
discussing it is beyond the scope of this letter.
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FIG. 2: Plots of the amplification factor as a function of the
observing time T . Here the dashed orange lines correspond to
the leading order result Eq.(9), and the blue lines represent
the exact results Eq.(25). The lower figure is the enlarged
plot of the upper figure around the first peak.
result has finite peaks, and their positions are slightly dif-
ferent from that obtained by f(T ) = 2npi (n = 1, 2, · · · ).
More generally, in [8], it was shown that the amplification
of observable is constrained by the effects of the higher
order corrections and the systematic and statistical un-
certainties. Although we do not consider the latter effects
here, our result is an explicit example of this general ar-
gument. This fact means that Ptran(T ) is also finite at
these peaks because of the effects of the higher order cor-
rections. By using Eq.(25), it can be roughly estimated
as Ptran(T ) ∼ pi
2
2 (d/R)
2 ∼ 3× 10−4 (for d = 1mm, R =
10cm), which leads to the number of surviving atoms as
∼ 1011. Fig.2 also shows that the amplification can be
negative, and this means that the gravitational force can
behave like a repulsive force. Qualitatively, this negative
amplification comes from the fact that the weak value
Eq.(7) can generally take both of negative and positive
values. Although this behavior seems to be unnatural
from the usual attractive property of gravity, our result
shows that a very small number of atoms actually feel
such a repulsive force due to the quantum effects.
The weak measurement can also amplify the fluctua-
tion of xˆ. If this is the case, combined with the small
transition probability, the measurement of a large weak
value becomes more and more difficult. In our case, how-
ever, this does not occur. In fact, at the leading order,
4we have
∆2x(T ) ≡
〈φf (T )|(xˆ− 〈xˆ〉)2|φf (T )〉
〈φf (T )|φf (T )〉 = d(T )
2 +O(G2),
(11)
and this result comes from the fact that the initial wave
function Eq.(2) is invariant under x → −x. In other
word, in the case of a distorted initial atomic cloud,
the fluctuation of the relative position is also amplified
by the weak measurement. We have also numerically
checked that this conclusion does not much change even
if we take the higher order corrections into account.
Conclusion.— In this letter, we have considered the
weak measurement of a cold atomic system which is grav-
itationally interacting with an external gravity source.
From the point of view of quantum measurement, their
relative motion can be naturally regarded as a probe sys-
tem which can be used for measuring the atomic system
indirectly. Then, we have shown that it is actually pos-
sible to realize O(103) amplification compared with the
classical motion when N ∼ 1015. In particular, we have
seen that the peak of the amplification is finite due to
the effects of the higher order contributions. This result
means that the ordinary argument based on the lead-
ing order calculation is not quantitatively correct. Thus,
when one wants to consider an application of weak mea-
surement to some quantum interacting system, it is nec-
essary to take higher order corrections into account in
order to obtain quantitatively correct predictions. Then,
we have also seen that the gravitational force can behave
as a repulsive force in response to a negative weak value.
This counterintuitive result is also one of the interesting
aspects of weak measurement.
Although experiential realization of our set up seems to
be difficult for the present time, we hope that this kind of
experiment will be performed in the near future. Besides,
we expect that our work stimulates the discussion of weak
measurement and its application to gravity.
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FIG. 3: A typical provability distribution of the probe’s wave function in the ordinary indirect measurement. Each of the peaks
corresponds to the eigenvalue of OA.
Supplementary Material for Amplification of gravitational motion via Quantum weak measurement
This supplemental material provides (I) the brief review of weak measurement and (II) the full order calculation
of the expectation value of xˆ.
(I)Brief review of weak measurement.— The idea of weak measurement or weak value was originally proposed
in [5, 6] where the authors considered the Stern-Gerlach experiment and showed that the measured value of electron’s
spin can become quite large 1/2 by choosing its initial and final states artificially so that they are nearly orthogonal
each other. This kind of amplification of observables is a general feature of weak measurement, and its qualitative
understanding can be easily grasped by considering a von-Neumann type system [7]. Suppose that we are considering
an interacting system A ⊗ B where A is some quantum system which we want to measure and B is a probe system
having a coordinate degree of freedom xˆ. For example, in the original paper [6], A is the spin of electron and B is its
position zˆ. Then, as the Hamiltonian of this system, we consider
HˆV N = gOˆA ⊗ pˆ× δ(t− t0) (t0 > 0), (12)
where OˆA is an observable of A, pˆ is the conjugate momentum of xˆ and g  1 is a weak coupling constant. The time
evolution can be solved as
|Ψ〉 ≡ e−i
∫ t
0
dt′HˆVN |ψi〉 ⊗ |φi〉 = e−igOˆApˆ|ψi〉 ⊗ |φi〉, (13)
where |ψi〉 (|φi〉) is an initial state of A (B). In the following, we assume that |φi〉 has a unique peak at x = 0 for
simplicity. In the ordinary measurement, we measure the distribution of x, i.e.
P (x) = 〈x|TrA(|Ψ〉〈Ψ|)|x〉 =
∑
k
|〈ak|ψi〉|2 × |〈x|e−igaipˆ|φi〉|2, (14)
where |ak〉 (ak) is the eigenstate (eigenvalue) of OˆA. Here, the wave function |〈x|e−igakpˆ|φi〉|2 has a peak at x = gak
because e−igakpˆ acts as a translation operator. Therefore, P (x) typically has a shape like Fig.3 where each of the peaks
corresponds to the eigenvalue ak. Thus, by observing P (x), we can obtain the information of ai and the expansion
coefficient |〈ak|ψi〉|.
Now let us consider the weak measurement. Suppose that we have prepared an experimental apparatus such that
it enables us to restrict the final state of A to a specific state |ψf 〉. (Post-selection) 5 Then, the wave function of B
under such restriction is given by
|φf 〉 ≡ 〈ψf |e−igOˆApˆ|ψi〉|φi〉 ∼ 〈ψf |ψi〉e−igOWA ×pˆ|φi〉, (15)
5 In order to do such a selection, we usually need another system
such as external electromagnetic field as in the case of Stern-
6where
OWA ≡ 〈ψf |OˆA|ψi〉/〈ψf |ψi〉 (16)
is called the weak value of OˆA. Here, compared to the wave function of the ordinary measurement, we have the weak
value in the exponent of the translation operator. As a result, we have a unique peak at gRe(OWA ), and it can become
larger than gMax
k
(ak) if we choose the initial and final states so that they satisfy 〈ψf |ψi〉 ∼ 0. In this sense, the weak
measurement can amplify the measured values of observables. A few comments are needed here:
• Although the weak value OWA is large when 〈ψf |ψi〉 ∼ 0, this means that we have little chance to observe such
transition |ψi〉 → |ψf 〉. Thus, if one wants to obtain a large weak value, it is necessary to consider a good
experiment such that we can easily obtain large statistics. In our case, we expect that it is realized by preparing
a large number of atoms. This qualitative argument can quantitatively change by the effects of the higher order
corrections. In particular, the transition probability can be finite even at the peak of the weak value. The
importance of this behavior was discussed in [8] where the authors also considered the effects of systematic and
statistical errors.
• In general, the weak measurement can also amplify the fluctuation
∆2x ≡
〈φf |xˆ2|φf 〉
〈φf |φf 〉 −
( 〈φf |xˆ|φf 〉
〈φf |φf 〉
)2
(17)
as well as the expectation value of xˆ. If this is the case, combined with the small transition probability, the
measurement of a large weak value becomes more and more difficult. In our set up, however, it does not happen
as we will see in the following.
(II) Full order calculations.— Here, we present the full order calculations of the expectation value of xˆ. The probe’s
wave function after the post-selection is
|φf (T )〉 = 〈ψf | exp
(
−iHˆ1T
)
exp
(
−iHˆ0T
)
|ψi〉|φi〉
=
2∑
j=1
〈ψf |j;N〉〈j;N |ψi〉 exp
(
−i〈VˆG(R)〉T − iNEjT
)
exp
−i pˆ2
2Nmi
T − iT
〈
dVˆG(R)
dr
〉
j
xˆ
 |φi〉
≡
2∑
j=1
ci exp
−i pˆ2
2Nmi
T − iT
〈
dVˆG(R)
dr
〉
j
xˆ
 |φi〉
=
2∑
j=1
cj exp
(
−i2Nmj
3T
xcl(T )
2
)
exp
(
−i T
2Nmj
pˆ2 + ixcl(T )pˆ
)
exp
(
i
2Nmj
T
xcl(T )xˆ
)
|φi〉, (18)
where
cj = 〈ψf |j;N〉〈j;N |ψi〉 exp
(
−i〈VˆG(R)〉jT − iNEjT
)
, (19)
and we have used the Campbell-Baker-Hausdorff formula:
eAeB = eA+B+
1
2 [A,B]+
1
12 [A−B,[A,B]]+···. (20)
By inserting the complete set
1 =
∫
dp|p〉〈p| or
∫
dx|x〉〈x|, (21)
Gerlach experiment. Strictly speaking, we must also consider
the effects of this external field for completely understating the
process of the weak measurement. In this letter, however, we just
concentrate on what happens by assuming that such a selection
is realized. See also footnote 3.
7and performing the space and momentum integrations, we obtain
〈φf (T )|φf (T )〉 ' |c1|2 + |c2|2 + exp
(
−N
2d2∆m2
T 2
xcl(T )
2
)
×
(
c∗1c2 exp
(
−i2N∆m
3T
xcl(T )
2
)
+ h.c
)
, (22)
〈φf (T )|xˆ|φf (T )〉 ' (|c1|2 + |c2|2)xcl(T ) +
1
2
exp
(
−N
2d2∆m2
T 2
xcl(T )
2
)
×
[
c∗1c2 exp
(
−i2N∆m
3T
xcl(T )
2
)
×
(
−2xcl(T ) + 2i
d2N∆m
T
xcl(T ) +
(
2 +
m2
m1
+
m1
m2
)
xcl(T )
)
+ h.c
]
,
(23)
where we have neglected the terms containing
2T∆m
Nm1m0
 1. (24)
Then, if we choose Eq.() as the initial and final states, we obtain
〈φf (T )|xˆ|φf (T )〉
〈φf (T )|φf (T )〉
/
xcl(T ) ' 1− Nd
2∆m
T
e−g(T ) sin f(T )
1− e−g(T ) cos f(T ) , (25)
where
g(T ) =
N2d2∆m2
T 2
xcl(T )
2, f(T ) =
2N∆m
3T
xcl(T )
2 + T
(
〈VˆG(R)〉2 − 〈VˆG(R)〉1
)
+ TN∆m. (26)
